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Introduction
Pulse oximetry is an important medical monitoring technique. Clinicians depend on these instruments to provide accurate analyses of the oxygenation of the patient's arterial blood. 1, 2 In spite of the wide use of pulse oximeters, the relationship between arterial oxygen saturation and their readings is not well understood. [3] [4] [5] However, a major shortcoming of the current transmission oximeters is the requirement of a cuvette through which light signals must be transmitted, thus limiting its application to the fingertip or earlobe. The fingertip type pulse oximeter is commonly used in hospitals to provide basic physiological parameters. However, it is inconvenient for long-term monitoring in daily life for the frequent usage of fingertips, making the monitored signal unstable and causing variation of the oxygen saturation value. Therefore, it is important to develop other types of pulse oximeters, such as reflectance pulse oximeters. In the other words, more broad applications can be achieved with the reflectance mode.
The reflectance pulse oximeter, as reported by Mendelson et al., 6 was the first to measure arterial oxygen saturation SaO 2 from the fingertip. Since then, several reflectance pulse oximeters have been reported. 7, 8 Reflectance pulse oximetry monitors arterial oxygen saturation SaO 2 noninvasively by measuring the intensity of red and infrared light backscattered from the skin. The technique is based on the detection of the differences in light absorption between reduced hemoglobin (Hb) and oxyhemoglobin (HbO 2 ) in a pulsating vascular bed. Skin reflectance oximetry enables the measurement of SaO 2 from more centrally located parts of the body, such as the forearms, chest, and forehead, which cannot be monitored by conventional transmission pulse oximetry techniques.
The many factors influencing the accuracy and availability of arterial oxygen saturation measurement are difficult to investigate in vivo, especially in clinical practice. This has stimulated interest in mathematical modeling of light in tissue to gain insight into the phenomena underlying pulse oximetry.
The purpose of this paper is to develop the diffusion theory to model the response of reflection pulse oximeters in multilayer biological tissues. For this purpose, we report a model for magnitude of the intensity captured by the reflected and the transmitted light detectors. This model is obtained by analyzing light propagation through tissue using the analytical solutions (AS) of the diffusion approximation equation at a given set of tissue characteristics. Analytical models based on partial differential equation (PDE) using the finite element method (FEM) and finite difference (FD) can be used to solve the diffusion equation. Furthermore, there are stochastic models, such as Monte Carlo (MC) or random-walk, to solve the above-mentioned equation.
Among these models, MC has the highest accuracy in modeling, but this method requires a prohibitive amount of computational time due to the large number of photons required to obtain statistically useful data. 9 Also, FD methods are not feasible for irregular boundaries because these methods use rectangular mesh elements. 10, 11 Since FEM offers advantages in flexibility and speed in solving complex geometries and heterogeneous tissues, researchers have preferred this method. 10, 12 In addition, the FEM has been used for two-dimensional and three-dimensional (3-D) geometries using linear functions by three-node triangular elements. Also, the FEM is much more efficient and accurate in comparison with the MC methods. 13 At the first time, the heterogeneous tissue close to the anatomical structures of fingertip was modeled to obtain more accurate results. In addition, the light propagation was simulated accurately with our proposed model. The accuracy and reliability of data obtained with a reflection model were compared to those obtained with a transmission model. Also, the performance and accuracy between AS and FEM have been investigated by comparing the obtained results with MC simulation as a gold standard. Furthermore, it was shown that the proposed model had sufficient accuracy by comparison with data obtained from the experimental study.
Materials and Methods
Light propagation through scattering media has attracted great attention in many areas of physics, biology, medicine, and engineering. The radiative transfer equation, 14 as a complex integrodifferential equation, is used to describe this process. Also, this equation is reduced to the diffusion equation under the strong scattering conditions, but it does not provide exact solutions in the majority of cases.
Model Structure

Structure of the fingertip
Details of the anatomical structure of the fingertip can be found in several references. [15] [16] [17] The sagittal cross section of the fingertip and skin model has been shown in the top of Fig. 1(a) . The bone of the distal phalanx is surrounded beneath by the soft deformable tissue of the pulp and above by the nail unit. The nail bed is richly vascularized with blood flowing from the digital arteries into a network of arterioles, through capillary loops just under the surface, and back out through the venules to the digital veins. Figure 1(b) shows a diagram of the principal arteries and veins. The digital arteries measure is 0.85 AE 0.1 mm in diameter. 18 There are approximately three or more arteries that take off from the distal arch measuring 0.58 AE 0.1 mm.
18
The venous anatomy is significantly variable and consists of a dorsal and palmar system. 19, 20 Figure 2 presents the radiographic measurements of the distal phalanx using GE Imagecast PACS, and Table 1 shows the overall mean for measurement. 21 These data were averaged and further used as the referencing data in the simulation of phantom.
Optical properties
The optical parameters of human skin layers are shown in Fig. 3 and Table 2 . 22 Evidently not all parameters for skin layers are known yet; some of them were extrapolated. Especially, for anisotropy factor g, there is the lack of experimental data. 
Geometry of model
In this paper, a hemispherical volume of tissue is used to represent the tip of a finger on which an oximeter probe is placed. The geometry of the problem is illustrated in Fig. 4 . The light source is modeled as a point source emitting monochromatic light at a wavelength in the near-infrared (NIR) region of the spectrum. For mathematical convenience, the point source is represented as a dipole composed of a photon source and a photon sink. The detector receives light at a point opposite to the source (transmission case) or at a point on the same side as the source (reflection case). The finger is treated as a heterogeneous mixture of blood and other tissues containing no blood, and its optical properties are assumed to be determined mostly by dermal and subcutaneous tissues. The pigmented epidermis, which is very thin (<100 pm) and scatters light mostly in the forward direction, 23 is neglected in this analysis because it only serves to attenuate the source light before and after it undergoes absorption and scattering in the blood-perfused tissue.
Theory
Detection Light Intensity
Generally, the detected light intensity of a reflection pulse oximeter is weaker than that of a transmission pulse oximeter with the same source-detector separation. To determine the detectable light intensity of a pulse oximeter, we calculated the detected light for reflection and transmission modes using the analysis of light propagation in tissue.
Diffusion approximation implementation in numerical methods
Partial differential equation representation of diffusion approximation. The theory of diffusion approximation is based on the radiative transport equation and the conservation of energy. This equation is in general not amenable to an analytic solution for arbitrary light input. Only in specific and restricted geometries are closed-form solutions known. 24, 25 The radiative transport equation in a media that scatters and absorbs photons is 
where Lðr; s; tÞ is the average power flux density at point r in the direction of unit vector s, at time t, in the unit of (W:m −2 :sr −1 ). C is the speed of light in the medium. μ t ¼ μ s þ μ a is the optical transport coefficient, where μ s is the scattering coefficient and μ a is the absorption coefficient. Sðr; s; tÞ is the spatial and angular distribution of the source in the unit of (W:m −3 :sr −1 ). The normalized phase function pðs 0 ; sÞ represents the probability of scattering in a direction s 0 from direction s.
Various tissue optical properties, such as the absorption coefficient, scattering coefficient, anisotropy index, and refractive index, can be used to calculate the power distributions and trajectories of photons. The scattering behavior is usually described by the Henyey-Greenstein phase function. 26 The photons pass that through and interact with scatterers in the biological tissue are subject to a high degree of forward scattering. The phase function describes the power distribution of scattering from the forward direction (0 deg) to the backward direction (180 deg), and its equation is given by E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 2 ; 6 3 ; 4 8 3 P HG ðθÞ ¼
where P HG denotes the scattered intensity at a specific angle and w and θ denote a normalization parameter and the direction of scattering, respectively. Parameter g, named the scattering anisotropy parameter, denotes the mean cosine of the scattering angle and is given by E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 3 ; 6 3 ; 3 8 1 g ¼ hcos θi ¼
We use Eq. (2) to obtain the normalized scattering phase function. Figure 5 shows the phase-function diagrams at 656 and 943 nm for different tissues: epidermis, dermis and pulp, bone, and blood. Since scattering anisotropy parameter g is close to 1, the diagrams exhibit a sharp peak at 0 deg, which indicates that light tends to scatter in the forward direction during interactions between photons and biological tissues.
On the other hand, treating the tissue as a heterogeneous mixture, the total absorption coefficient can be written as a sum of the absorption coefficients of the individual tissue components E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 4 ; 6 3 ;
where V a and V v are the volume fractions of arterial and venous blood, respectively, and μ tis a is the absorption coefficient of the bloodless tissue. The absorption coefficients of the arterial and venous blood in the above equation are μ art a and μ ven a , respectively.
Like the absorption coefficient, the total scattering coefficient of the idealized heterogeneous tissue can also be written as a sum of the coefficients of the individual tissue components E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 5 ; 6 3 ; 9 7μ
where μ b s and μ tis s are the scattering coefficients of whole blood and of the component of the tissue containing no blood, respectively.
The photon fluence is given by E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 6 ; 3 2 6 ; 3 7 5 Φðr; tÞ ¼
Z 4π
Lðr; s; tÞdΩ:
The photon flux or current density is given by E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 7 ; 3 2 6 ; 3 2 1
Jðr; tÞ ¼ Z 4π sLðr; s; tÞdΩ:
Both the fluence and the flux are in units of W:m −2 .
In vivo experimental light propagates in a highly scattering tissue in which the scattering coefficient is considerably greater than the absorption coefficient and the diffusion approximation is sufficiently accurate. In the P 1 approximation, the radiance is expanded in spherical harmonics truncated to the first order, and the radiance equation can be reduced to the time-dependent diffusion equation 27 ,28 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 8 ; 3 2 6 ; 1 9 0 1 c ∂Φðr; tÞ ∂t þ μ a Φðr; tÞ − D∇ 2 Φðr; tÞ ¼ Sðr; tÞ;
where Φðr; tÞ is the photon fluence rate and D ¼ f3½μ a þ ð1 − gÞμ s g −1 is the diffusion coefficient. The steady-state diffusion equation for the average diffuse intensity ΦðrÞ in a heterogeneous scattering medium of absorption coefficient μ a is E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 0 9 ; 3 2 6 ; 8 9 D∇ 2 ΦðrÞ − μ a ΦðrÞ þ SðrÞ ¼ 0: Analytical solution of PDE representation of diffusion approximation:
With dimensional parameters defined in Fig. 4 , the diffusion approximation equation, by considering the approximation of μ 0 s ≫ μ a in a highly scattering tissue, is as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 0 ; 6 3 ; 4 8 1
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 1 ; 6 3 ;
where μ 0 s is the reduced scattering coefficient and α ¼ ffiffiffi ffi
is the effective attenuation coefficient. An explanation of these coefficients in the context of diffusion theory as applied to biological tissues can be found in a review by Cheong et al. 29 For a point source, SðrÞ can be written in terms of the volume delta function δðpÞ, as below:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 2 ; 3 2 6 ; 5 4 3
where P 0 is the power emitted by the source. We will first solve Eq. (10) for ΦðrÞ within a bounded spherical medium and then derive the solution for the hemispherical geometry as depicted in Fig. 4 from this result using the method of images. 30 The general solution to Eq. (10) is E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 3 ; 3 2 6 ; 4 5 5
where A and B are the constants determined by two boundary conditions. The first boundary condition is as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 4 ; 3 2 6 ; 3 9 2
where J ¼ −D∇Φ denotes the flux of fluence rate.
The second boundary condition is that all photon flux is absorbed beyond the boundary r ¼ d E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 5 ; 3 2 6 ; 2 9 7
Subsequently, ΦðrÞ is, for bounded spherical geometry Cross sections and models of the fingertip. Table 3 Optical properties used in the tissue simulations: μ a (absorption coefficient), μ s (scattering coefficient), n (refractive index), and g. E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 6 ; 6 3 ; 3 1 4 Φ sph ðrÞ ¼
Also, the AS of the diffusion approximation equation for a point beam incident on the surface of a semi-infinite medium is given by summing the solutions for a pair of positive and negative point sources as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 7 ; 6 3 ; 2 2 0 Φ sph ðρ; zÞj z¼0 ¼ P 0 4πD 1
where z is the depth from the surface and ρ is the distance between the point of interest and the z-axis, as shown in Fig. 4 . r 1 and r 2 are given as follows:
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 8 ; 6 3 ; 1 4 2 r 1 ¼ ½ðz
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 1 9 ; 6 3 ;
In these equations, z e is the distance between the real and extrapolated boundaries for the refractive index mismatched case. z 0 ¼ 1∕μ 0 s is a small value representing the depth below the surface from which the first-scattered photons emanate. We assume here that the incident photons are converted to scattered photons within one mean scattering length, so z e is simply given as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 0 ; 3 2 6 ; 3 4 2 z e ¼ 2DA; (20) where A is related to the internal reflection r j and can be derived from Fresnel reflection coefficients. 31 When the boundary has matched refractive indices, A ¼ 1; otherwise, A is estimated as 32 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 1 ; 3 2 6 ; 2 7 8
where E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 2 ; 3 2 6 ; 2 2 1
where n rel is the relative index of tissue to air. Now, by applying the method to images, the desired solution for hemispherical geometry can be obtained from Eq. (16) E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 3 ; 3 2 6 ; 1 6 1
The magnitude of the intensity captured by the reflected light detector (labeled "#1" in Fig. 4) is given by 
The magnitude of the intensity captured by the transmitted light detector (labeled "#2" in Fig. 4 ) is given by E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 5 ; 6 3 ; 4 1 5
From the above equations, a model of the response from a pulse oximeter can be developed.
Numerical method to solve the diffusion approximation equation.
Finite element method:
In this section, the FEM model has been used to perform the forward problem of light propagation in scattering tissue.
Numerical experiments:
Due to the accuracy and efficiency of FEM, we used this method to calculate solutions of the diffusion approximation equation along with the Dirichlet boundary conditions (DBC) and Robin boundary conditions (RBC) presented in Eqs. (26) and (27) , respectively, 33 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 6 ; 3 2 6 ; 3 5 1
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 7 ; 3 2 6 ; 3 0 6
ΦðrÞ ¼ 0; (27) where n is the normal vector. Assumptions used in the FEM formulation is that Φðr; tÞ is continuous and approximately obeys the diffusion equation locally within the domain Ω. To find a piecewise linear approximation and continuous function Φ h ðr; tÞ of Φðr; tÞ, Ω is divided into P nonoverlapping elements τ i ði ¼ 1; 2; : : : ; PÞ, such that Ω ¼ Y p i ¼ 1 τ i , joined at D vertex nodes. Then, the solution obtained for Φðr; tÞ is approximated by a piecewise polynomial and continuous function as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 8 ; 3 2 6 ; 1 8 1
where the set fψ i ðrÞg is the basis function set for expansion. Considering these assumptions, the diffusion Eq. (8) is declared as 12, 18 E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 2 9 ; 3 2 6 ; 1 1 3
where 
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 1 ; 6 3 ; 4 5 0 S j ðtÞ ¼
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 2 ; 6 3 ; 4 1 3
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 3 ; 6 3 ; 3 7 6 M ij ¼
E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 4 ; 6 3 ; 3 3 9 Φ ¼ ½Φ 1 ðtÞ; Φ 2 ðtÞ; : : : ; Φ D ðtÞ T ;
where fψ i ðrÞg is the basis function and fψ j ðrÞg is the test function. By considering the time-independent case, the equation can be written as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 5 ; 6 3 ; 2 6 8 ½∇:D∇ − μ a ðrÞΦðrÞ ¼ −s 0 ðrÞ:
Following the above derivation, the equation was obtained as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 6 ; 6 3 ; 2 2 6 ½KðDÞ þ Cðμ a ÞΦ ¼ S;
where Φ, C, D, K, and S have the same meaning as mentioned earlier.
The above explanation of the FEM discretization preserves the frequency-domain differential equation (DE). Also, associating the Robin boundary condition, which can be expressed as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 7 ; 6 3 ; 1 4 0 D∇Φ:n ¼ βΦ;
where β is considered as 0.177 for a tissue-air interface andn is the unit vector normal to the boundary, the DE discrete formulation in the frequency domain can be explained as E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 8 ; 3 2 6 ; 4 8 4
where S and Φ exhibit the source values and nodal solution, respectively, M, K, and C are system matrices as described above, and
Optical simulation model of fingertip:
The finger base mainly consists of epidermis, phalanx, blood, and dermis and pulp. The fingertip model used in this work has been illustrated in Fig. 6 . In this model, the height, thickness, and outer epidermis' thickness of employed geometry are 15, 10, and 0.1 mm, respectively. Also, the characteristics of distal phalanx have been listed in Table 1 . As defined in Sec. 2.1.1, three pairs of arteries with 0.85-mm diameter are considered top and bottom of the distal phalanx. Additionally, there are several veins with 0.85-mm diameter on both sides of the distal phalanx. Table 3 shows the different tissues optical properties at wavelengths 656 and 943 nm. In the simulated model, the wavelength of 943 nm and a fixed intensity have been employed for the light point source.
Mesh generation:
In this study, the developed model involved hemispherical geometry and heterogeneous cases. To improve the accuracy of the geometry approximation, six node triangular elements were used instead of three nodes. Also, more accurate answers were obtained by using a quadratic shape function in comparison of three-node linear triangular elements. Figure 7 illustrates the six node triangular elements in the model.
Monte Carlo simulation
As a gold standard, MC simulation was used to validate the effectiveness of FEM and AS in this research. The transport of 5 × 10 6 photons was tracked. The anisotropy factor g and the refractive index of the tissue were assumed in accordance with Table 3 . The medium above and beneath the tissue was treated as air, with a refractive index of 1.0. Thus, the boundary between the tissue and air was mismatched. The specular reflection would occur after photons had been launched. The HenyeyGreenstein phase function expressed by Eq. (2) was used to describe photon scattering. The spatial resolution for both radial and depth distance was set at 0.01 mm, which is more than enough for real applications. After sufficient propagation in the tissue, the photon packets would be terminated by reflection or transmission out of the tissue. The weights of the photon packets that exited the tissue were accordingly scored into the diffuse reflectance or diffuse transmittance, depending on where the photon packets exited. 36 To obtain diffuse reflectance caused by the finite size beam, the light beam of finite size was assumed to be collimated, and the response was computed from the convolution of the response of an infinitely small beam, according to the profile of the finite size beam. 37, 38 A publicly available MC code (MCML) for light propagation in biological materials provided by Wang et al. 36 was used.
Experimental study
The purpose of experiments is to validate and evaluate the performance of the mathematical model by making measurements of steady-state intensity over the tissue geometry. Experiments on 19 healthy volunteers were conducted. All of the volunteers who participated in the study were males with ages ranging between 18 to 43 years with the mean and standard deviation of 27.36 and 7.55, respectively (see Table 4 ). This study was approved by the ethics committee of the Shahid Beheshti University of Medical Sciences. In pulse oximeters, the arterial oxygen saturation SaO 2 is calculated as a function of the ac/dc ratio of detected light intensity at systole and diastole. Here, the change of the blood volume due to the heart diastole and heart systole leads to the varying signal of light absorption that is called a photoplethysmograph (PPG). The pulse oximeter can calibrate and estimate SaO 2 by the parameter of ratio R obtained from the PPG signal. The defining equation is E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 3 9 ; 6 3 ; 2 9 4 SaO 2 ¼ ½HbO 2 ½HbO 2 þ ½Hb × 100% ¼ fðac∕dc ratioÞ;
where E Q -T A R G E T ; t e m p : i n t r a l i n k -; e 0 4 0 ; 6 3 ; 2 4 7 ac∕dc ratio ¼ R ¼
where I red dc and I red ac denote the DC and AC components of the PPG signal for red light, respectively. I IR dc and I IR ac denote the DC and AC components of the PPG signal for NIR light, respectively. The function f is determined by the manufacturer from clinical and in vitro studies. A PPG finger probe that operates in transmittance and reflectance mode has been used. Eight PPG signals were recorded from the reflectance and transmittance PPG system, consisting of four PPG signals (red DC and AC and infrared DC and AC signals) acquired from each mode that represents SpO 2 values. Figures 8 and 9 show a sample of the two infrared and red AC PPG signals, respectively, obtained from the transmittance and reflectance PPG systems of one volunteer.
Results and Discussion
In this section, the FEM model and AS presented in the previous sections were evaluated. We have implemented the FEM and MC methods, which incorporate the boundary and source conditions discussed above. The obtained outcomes compared against MC simulations as a gold standard. Furthermore, experimental data were used for the evaluation and comparison of the models obtained for light intensity of reflection and transmission pulse oximeters.
Simulation Results of Finite Element Method
A point source is present just inside the boundary of the tissue. The radial location of the source was positioned inside the physical boundary by a distance, z 0 ¼ 1∕ðμ 0 s Þ for the point source excitation used in the computational algorithm. [39] [40] [41] It is worth mentioning that, the resolution of the mesh plays an important role for the stability and accuracy of the FEM model. Meshing is done to divide the entire specimen into nodes where the partial differential equation can be solved. The mesh is intensified where the source is present as it is the area of interest. The mesh of our structure is presented in Fig. 10 , we use free mesh parameters with a maximum element size scaling factor = 1, a maximum element growth rate = 1.5, a mesh curvature factor = 0.6, a mesh curvature cutoff = 0.001, and a resolution of narrow region = 0.5. Figure 11 depicts the propagation of light waves around the point source by the contours. Contours are close together in the proximity of the light source and further toward the other side.
Point source has a fixed intensity. Fluence values are found throughout the specimen. The values of absorption and reduced scattering coefficients inside the specimen are known (see Fig. 12 ). Figure 13 illustrates the simulated flux density by considering the optimal boundaries. Also, a continuous flux can be seen between the two layers and when moving outward from the two media. Figure 14 shows the cross section through the photon density distribution along the x-, y-, and z-axes for the FEM model, on a logarithmic scale. In all three cases, the equivalent isotropic source is placed at position ½0; 1∕ðμ 0 s Þ; −0.004.
Comparison Between Reflectance and Transmittance Modes and Investigation with Experimental Data
A reflectance oximeter has sensing and emitting diodes on a single surface. Therefore, they can be placed in an anatomical location that does not require two surfaces in close proximity. In addition, their advantage is that, regardless of the patient's age or size (infants to very large adults), it provides more accurate and stable readings. The light is emitted by the LEDs, passes through blood vessels and tissue, then reflects off the bone, and passes through the tissues once more, where a significant amount of light will reflect off the skin in the reflectance setup. Thus, reflectance probes have a lower signal-to-noise ratio and a higher offset than the transmittance probes. Also, reflectance setups require a significantly greater amount of light because the detected light intensity of a reflection pulse oximeter is weaker than that of a transmission pulse oximeter with the same source-detector separation (see Fig. 15 ).
The simulation results and measurement (experimental data) are compared. Figure 16 shows the results of the measurements and corresponding simulations. They show an overall good agreement. As can be seen, the ratio between measured and simulated values is almost constant; hence, the characteristics of the light propagation can be accurately reproduced.
Comparison of Monte Carlo, the Analytical Method, and Finite Element Method
In this section, diffuse reflectance AS for fingertip geometry given by Eq. (24) is validated using the MC method. The optical parameters used are presented in Table 3 and under optical simulation model of fingertip. Also, the fluence rates generated by MC, the analytical method, and FEM were compared at a radial distance r ¼ 2 mm. First, all generated profiles were normalized at a depth of 5 mm; then, they were normalized at a distance of 2 mm, which is out of the region of 1 mean free path (mfp) from the isotropic point source. A reduced scattering albedo (RSA) defined by μ s ð1 − gÞ∕μ a was used to measure the ratio of photon scatting to absorption. The relative refractive index n rel of the boundary was set at 1.37. Figures 17-19 internal fluence with relative errors of less than 9%, compared to MC simulation. These findings also agree with that of Schweiger et al. 42 According to the simulation results shown in Fig. 23 , all methods underestimated the fluence rate at the boundary by a large error within the region of 1 mfp close to the light source because diffusion approximation was not valid in this region. Furthermore, the analytical method and FEM performed about the same over the entire distances. It can thus be concluded that, overall, the analytical method and FEM have almost identical results compared with MC as the gold standard. The differences are so small between FEM and AS that it is possible to use the diffusion theory for the analysis and prediction of the response of pulse oximeters. Also, it is obvious that the FEM is much more efficient and accurate than the AS method in heterogeneous advanced tissue and has the ability to estimate fluence distribution in highly complex geometries, thus making it a very useful tool in quantifying the optical parameters.
Comparison Experimental Results with Finite Element Method and Analytical Solution
Diffuse reflectance defines mainly the light coming out from the medium and diffusely entered into the medium from outside. It depends strongly on the tissue optical properties and is mainly required to determine the optical properties of the medium. Here, a comparative study has been done for diffuse reflectance calculated using FEM and AS for fingertip geometry with respect to different scattering and absorption coefficients. Later, conclusions are presented based on this study. The purpose of experiments is to validate the analytical and FEM models by making measurements of steady-state intensity over the fingertip geometry. Pulse oximeters use the red and infrared maximum and minimum detected light intensities to calculate SaO 2 . In this study, our model works in reverse. To obtain experimental data for light intensities, the SaO 2 is input and the resulting transmitted and reflected light intensities are calculated to compare with diffuse reflectance values calculated using 3-D FEM and AS. The FEM solution is almost matching with the experiment result. AS is coming as per our expectations, as it has been analyzed that AS is approximately matching with FEM solution (see Fig. 24 ).
Also, Fig. 24 shows good agreement between the numerical results and the experimental results. This study helps us to reach a conclusion for the feasibility of the diffusion approximation equation for the investigation of reflectance pulse oximeter in NIR region.
Conclusions
We have developed a theoretical model for photon migration through scattering media in the presence of an absorbing inhomogeneity. A 3-D model of a phantom, which had similar properties to that of a human fingertip tissue, was simulated. Furthermore, the FEM was applied to the diffusion approximation equation for modeling light propagation in the fingertip. These models have been verified by MC simulation and experimental data for use in biomedical optical imaging studies. The results of the presented models have a good match with MC simulation and experimental data. To the best of our knowledge, no published model provides a good match to experimental data. This research shows that it is possible to model a reflectance pulse oximetry with diffusion theory. The aim of this paper was to demonstrate the power of the FEM and AS in modeling the steady-state diffusion equation in a heterogeneous medium. The FEM now allows us to select the model that matches a given experimental situation best. Also, since FEM is fast and capable of dealing with complex geometries and different beam profiles, it is advantageous to use the method.
To find the conditions that correspond between real experiments and FEM, more work will be required. In particular, the source model requires more attention; neither the simple isotropic source at a depth of 1∕μ 0 s nor the diffuse boundary current is appropriate. The correct model may have to take into account angular weighing, spatial distribution, and other factors. However, the major benefit of the model is in estimating the effects of various physical and physiological variables on pulse oximeters. Also, the model presented in this paper helps to explicitly delineate the roles of absorption and scattering in diffuse reflectance. The results from both FEM and AS validate that the diffusion approximation equation could resolve the heterogeneous advanced tissue. In addition, the results show that FEM could offer the simulation with higher efficiency and accuracy.
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